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Abstract
The object of the present paper is to study some properties of para-Ka¨hler man-
ifold whose metric is conformal Einstein soliton. We have studied some certain
curvature properties of para-Ka¨hler manifold admitting conformal Einstein soli-
ton.
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1. Introduction
The notion of Einstein soliton was introduced by G. Catino and L. Mazzieri
[3] in 2016, which generates self-similar solutions to Einstein flow,
∂g
∂t
= −2(S −
r
2
g), (1.1)
where S is Ricci tensor, g is Riemannian metric and r is the scalar curvature.
The equation of the Einstein soliton [2] is given by,
£V g + 2S + (2λ− r)g = 0, (1.2)
where £V is the Lie derivative along the vector field V , S is the Ricci tensor, r
is the scalar curvature of the Riemannian metric g, and λ is a real constant.
In 2015, N. Basu and A. Bhattacharyya [1] introduced the notion of Conformal
Ricci soliton equation [7], [8], given by
£V g + 2S = [2λ− (p+
2
n
)]g, (1.3)
where £V is the Lie derivative along the vector field V , S is the Ricci tensor, λ
is constant, p is a scalar non-dynamical field(time dependent scalar field) and n
is the dimension of the manifold.
So we introduce the notion of Conformal Einstein soliton as:
£V g + 2S + [2λ− r + (p+
2
n
)]g = 0, (1.4)
1The first author is the corresponding author, supported by Swami Vivekananda Merit Cum
Means Scholarship, Government of West Bengal, India.
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2where £V is the Lie derivative along the vector field V , S is the Ricci tensor,
r is the scalar curvature of the Riemannian metric g, λ is real constant, p is a
scalar non-dynamical field(time dependent scalar field)and n is the dimension of
manifold.
Also it is said to be shrinking, steady or expanding according as λ < 0, λ = 0
and λ > 0 respectively.
In the present paper we study conformal Einstein soliton on para-Ka¨hler mani-
fold. The paper is organized as follows:
After introduction, section 2 is devoted for preliminaries on n- dimensional para-
Ka¨hler manifold, where n is even. In section 3, we have studied conformal Einstein
soliton on para-Ka¨hler manifold. Here we proved if a n- dimensional para-Ka¨hler
manifold admits conformal Einstein soliton then the vector field associated with
the soliton is solenoidal depens on the scalar curvature. We have also char-
acterized the nature of the manifold if the manifold is quasi conformally flat,
pseudo-projectively flat and W2- flat.
2. Preliminaries
Let M be a connected differentiable manifold of dimension n = 2m, m ≥ 2,
F be a (1,1)-tensor field and g be a pseudo-Riemannian metric on M . Then
(M,F, g) is said to be a para-Ka¨hler manifold if the following conditions hold:
F 2 = I, g(FX, FY ) = −g(X, Y ), ∇F = 0. (2.1)
for any X, Y ∈ χ(M), being the Lie algebra of vector fields on M , ∇ is the Levi-
Civita connection of g and I is the identity operator.
In a para-Ka¨hler manifold (M,F, g), the Riemannian curvature tensor R, the
Ricci tensor S and the scalar curvature r are defined by:
R˜(X, Y, Z,W ) = g(R(X, Y )Z,W ),
S(X, Y ) = trace{Z → R(Z,X)Y },
r = traceS.
Also the following properties are satisfied in a para-Ka¨hler manifold:
R(FX, FY )Z = −R(X, Y )Z, (2.2)
R(FX, Y )Z = −R(X,FY )Z, (2.3)
S(FX, Y ) = −S(FY,X), (2.4)
S(FX, FY ) = −S(X, Y ). (2.5)
33. Some results on conformal Einstein soliton within the framework
of para-Ka¨hler manifold
From equation (1.4), we can write,
(£V g)(X, Y ) + 2S(X, Y ) + [2λ− r + (p+
2
n
)]g(X, Y ) = 0, (3.1)
for any X, Y ∈ χ(M), being the Lie algebra of vector fields on M .
Taking X = ei, Y = ei in the above equation and summing over i = 1, 2, ...., n,
we get,
divV + r + [λ−
r
2
+
1
2
(p+
2
n
)]n = 0. (3.2)
If V is solenoidal then divV = 0 and so from the above equation we have
r = 2λn
n−2
+
n(p+ 2
n
)
n−2
. Again if r = 2λn
n−2
+
n(p+ 2
n
)
n−2
then (3.2) gives divV = 0.
So we can state the following theorem:
Theorem 3.1. If the metric of an n-dimensional para-Ka¨hler manifold satis-
fies a conformal Einstein soliton then the vector field associated with the soliton
is solenoidal iff the scalar curvature is 2λn
n−2
+
n(p+ 2
n
)
n−2
, provided n > 2.
The notion of quasi-conformal curvature tensor was introduced by Yano and
Sawaki [9] and it is defined by:
C(X, Y )Z = αR(X, Y )Z + β[S(Y, Z)X − S(X,Z)Y + g(Y, Z)QX
− g(X,Z)QY ]−
r
n
(
α
n− 1
+ 2β)[g(Y, Z)X − g(X,Z)Y ], (3.3)
where α, β are constants, Q is the Ricci operator, defined by g(QX, Y ) = S(X, Y )
and n is the dimension of the manifold.
Moreover if α = 1 and β = − 1
n−2
,the above equation reduces to conformal cur-
vature tensor [4].
Again a manifold (Mn, g) where n > 3, is said to be quasi conformally flat if
C = 0.
Now in an n- dimensional para-Ka¨hler manifold, we can define the Ricci tensor
S as:
S(X, Y ) =
1
2
n∑
i=1
ǫiR˜(ei, F ei, X, FY ), (3.4)
where {e1, e2, ...., en} is an orthonormal frame and ǫi is the indicator of ei, ǫi =
g(ei, ei) = 1.
Taking inner product in (3.3) by W , we get,
g(C(X, Y )Z,W ) = αR˜(X, Y, Z,W ) + β[S(Y, Z)g(X,W )− S(X,Z)g(Y,W )
+ g(Y, Z)S(X,W )− g(X,Z)S(Y,W )]
−
r
n
(
α
n− 1
+ 2β)[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )]. (3.5)
4Now if the manifold is quasi-conformally flat then the above equation reduces to,
αR˜(X, Y, Z,W ) + β[S(Y, Z)g(X,W )− S(X,Z)g(Y,W )
+ g(Y, Z)S(X,W )− g(X,Z)S(Y,W )]−
r
n
(
α
n− 1
+ 2β)[g(Y, Z)g(X,W )
− g(X,Z)g(Y,W )] = 0. (3.6)
Putting X = ei, Y = Fei,W = FW in the above equation and summing over
i = 1, 2, ...., n and also using (3.4), (2.4), we get,
2αS(Z,W ) + 2β[S(Z,W )− S(FZ, FW )]
−
r
n
(
α
n− 1
+ 2β)[g(Z,W )− g(FZ, FW )] = 0. (3.7)
Again using (2.5) and (2.1) in the above equation, we obtain,
2αS(Z,W ) + 4βS(Z,W )−
2r
n
(
α
n− 1
+ 2β)g(Z,W ) = 0, (3.8)
which reduces to,
(α+ 2β)S(Z,W ) =
r
n
(
α
n− 1
+ 2β)g(Z,W ). (3.9)
Taking Z = ei,W = ei in the above equation and summing over i = 1, 2, ....., n,
we have,
r = 0, (3.10)
since α 6= 0.
Now if r = 0, then from (3.9), we get S = 0, provided α+2β 6= 0 i.e the manifold
is locally flat if α + 2β 6= 0.
Then (1.4) becomes,
(£V g)(X, Y ) + [2λ+ (p+
2
n
)]g(X, Y ) = 0 (3.11)
for any X, Y ∈ χ(M), being the Lie algebra of vector fields on M .
Putting X = Y = ei and summing over i = 1, 2, ....., n, we get,
n∑
i=1
ǫi(£V g)(ei, ei) +
n∑
i=1
ǫi[2λ+ (p+
2
n
)]g(ei, ei) = 0, (3.12)
which reduces to,
divV + [λ+
1
2
(p+
2
n
)]n = 0. (3.13)
If V is solenoidal then divV = 0 and so from (3.13) we have λ + 1
2
(p + 2
n
) = 0.
Also if λ+ 1
2
(p+ 2
n
) = 0, (3.13) reduces to divV = 0.
This leads to the following:
Theorem 3.2. If the metric of an n-dimensional quasi-conformally flat para-
Ka¨hler manifold satisfies a conformal Einstein soliton then the vector field asso-
ciated with the soliton is solenoidal iff λ+ 1
2
(p+ 2
n
) = 0.
5The pseudo-projective curvature tensor P [6] is given by:
P (X, Y ))Z = aR(X, Y )Z + b[S(Y, Z)X − S(X,Z)Y ]
−
r
n
(
a
n− 1
+ b)[g(Y, Z)X − g(X,Z)Y ], (3.14)
where a, b 6= 0 are constants.
Also a manifold (Mn, g), is said to be pseudo-projectively flat if P = 0.
Taking inner product in (3.14) by W , we get,
g(P (X, Y ))Z,W ) = aR˜(X, Y, Z,W ) + b[S(Y, Z)g(X,W )− S(X,Z)g(Y,W )]
−
r
n
(
a
n− 1
+ b)[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )].
(3.15)
Now if the manifold is pseudo-projectively flat then the above equation reduces
to,
aR˜(X, Y, Z,W ) + b[S(Y, Z)g(X,W )− S(X,Z)g(Y,W )]
−
r
n
(
a
n− 1
+ b)[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )] = 0. (3.16)
Putting X = ei, Y = Fei,W = FW in the above equation and summing over
i = 1, 2, ...., n and also using (3.4), (2.4), we get,
2aS(Z,W )+b[S(Z,W )−S(FZ, FW )]−
r
n
(
a
n− 1
+b)[g(Z,W )−g(FZ, FW ) = 0.
(3.17)
Again using (2.5) and (2.1) in the above equation, we obtain,
(a+ b)S(Z,W )−
r
n
(
a
n− 1
+ b)g(Z,W ) = 0. (3.18)
Taking Z = ei,W = ei in the above equation and summing over i = 1, 2, .., n, we
have,
r = 0, (3.19)
since a 6= 0.
Now if r = 0, then from (3.18), we get S = 0, provided a+ b 6= 0 i.e the manifold
is locally flat if a+ b 6= 0.
Then (1.4) becomes,
(£V g)(X, Y ) + [2λ+ (p+
2
n
)]g(X, Y ) = 0 (3.20)
for any X, Y ∈ χ(M), being the Lie algebra of vector fields on M .
Putting X = Y = ei and summing over i = 1, 2, ., n, we get,
n∑
i=1
ǫi(£V g)(ei, ei) +
n∑
i=1
ǫi[2λ+ (p+
2
n
)]g(ei, ei) = 0, (3.21)
which reduces to,
divV + [λ+
1
2
(p+
2
n
)]n = 0. (3.22)
6If V is solenoidal then divV = 0 and so from (3.22) we have λ + 1
2
(p + 2
n
) = 0.
Also if λ+ 1
2
(p+ 2
n
) = 0, (3.22) reduces to divV = 0.
This leads to the following:
Theorem 3.3. If the metric of an n-dimensional pseudo-projectively flat para-
Ka¨hler manifold satisfies a conformal Einstein soliton then the vector field asso-
ciated with the soliton is solenoidal iff λ+ 1
2
(p+ 2
n
) = 0.
The W2-curvature tensor (n > 2) [5] is given by:
W2(X, Y )Z = R(X, Y )Z +
1
n− 1
[g(X,Z)QY − g(Y, Z)QX ]. (3.23)
Moreover a manifold is W2- flat if W˜2(X, Y, Z, U) = g(W2(X, Y )Z, U) = 0.
Taking inner product in (3.23) by U , we get,
g(W2(X, Y )Z, U) = R˜(X, Y, Z, U) +
1
n− 1
[g(X,Z)S(Y, U)− g(Y, Z)S(X,U)].
(3.24)
Now if the manifold is W2- flat then the above equation reduces to,
R˜(X, Y, Z, U) +
1
n− 1
[g(X,Z)S(Y, U)− g(Y, Z)S(X,U)] = 0. (3.25)
Putting X = ei, Y = Fei, U = FU in the above equation and summing over
i = 1, 2, ...., n and also using (3.4), (2.4), we get,
S(Z, U) +
1
n− 1
[S(FZ, FU)− S(Z, U)] = 0. (3.26)
Again using (2.5) in the above equation, we obtain,
(n− 3)S(Z, U) = 0. (3.27)
Then we have S(Z, U) = 0, for any Z, U ∈ χ(M), being the Lie algebra of vector
fields on M , since n is even.
Hence from the above equation we can get, r = 0.
Then (1.4) becomes,
(£V g)(X, Y ) + [2λ+ (p+
2
n
)]g(X, Y ) = 0 (3.28)
for any X, Y ∈ χ(M), being the Lie algebra of vector fields on M .
Putting X = Y = ei and summing over i = 1, 2, ....., n, we get,
n∑
i=1
ǫi(£V g)(ei, ei) +
n∑
i=1
ǫi[2λ+ (p+
2
n
)]g(ei, ei) = 0, (3.29)
which reduces to,
divV + [λ+
1
2
(p+
2
n
)]n = 0. (3.30)
If V is solenoidal then divV = 0 and so from (3.30) we have λ + 1
2
(p + 2
n
) = 0.
Also if λ+ 1
2
(p+ 2
n
) = 0, (3.30) reduces to divV = 0.
This leads to the following:
7Theorem 3.4. If the metric of an n-dimensional W2- flat para-Ka¨hler mani-
fold satisfies a conformal Einstein soliton then the vector field associated with the
soliton is solenoidal iff λ+ 1
2
(p+ 2
n
) = 0.
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